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Usually, the clustering process is the first step in several data analyses. Clustering allows iden-
tify patterns we did not note before and helps raise new hypotheses. However, one challenge 
when analyzing empirical data is the presence of covariates, which may mask the obtained 
clustering structure. For example, suppose we are interested in clustering a set of individuals 
into controls and cancer patients. A clustering algorithm could group subjects into young and 
elderly in this case. It may happen because the age at diagnosis is associated with cancer. 
Thus, we developed CEM-Co, a model-based clustering algorithm that removes/minimizes 
undesirable covariates’ effects during the clustering process. We applied CEM-Co on a gene 
expression dataset composed of 129 stage I non-small cell lung cancer patients. As a result, 
we identified a subgroup with a poorer prognosis, while standard clustering algorithms failed.
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1. Introduction

Clustering is commonly the first step in several data analyses. By clustering sim-
ilar items into the same group, we can identify outliers and patterns we did not 
note before and suggest new hypotheses. There are several clustering methods in 
the literature, for example, k-means,20 k-medoids,19 hierarchical clustering,29 mod-
el-based clustering,23 density-based spatial clustering of applications with noise,14 
mean-shift,8 c-means,3 and spectral.28 One challenge when we analyze empirical 
data is the presence of covariates. We illustrate this case in Fig. 1. Suppose there 
are two groups, i.e. controls and patients. Due to strong covariates effects, such as 
age at diagnosis, some individuals of the control group (red dots) are assigned to 
the patients’ group (black dots) and vice versa (Fig. 1(a)). The clustering algorithm 
separated the items into young and elderly in this case. However, we wished to 
obtain one group of controls and another of the patients (Fig. 1(b)).

There are several approaches to tackling the clustering problem by minimizing 
the covariates’ effects. One is the one-step latent class analysis (LCA)-based method. 
The one-step procedure removes the covariates’ effects from each item’s probabil-
ity belonging to each cluster.2,9 However, suppose the strength of the associations 
between latent classes and their indicators is weak. In that case, auxiliary variables 
may be affected by the first-phase LCA model’s parameters.1,18,24,26 An alternative 
solution for this problem would be the three-step approach. The three-step procedure 
uses a mixture model to cluster the data and logistic regression analysis to infer the 
associations between the predicted class membership and covariates.15 The drawback 
is that it considers only categorical items. Other approaches basis on latent profile 
analysis, which examines the items as continuous data. However, they assume local 

Fig. 1.  Schema to illustrate the covariate effect on the clustering structure. Suppose two populations 
of subjects sampled from normal distributions with means (−1, −1) and (1, 7) and identity covariance 
matrices. Moreover, consider a covariate effect on the clustering centroids, e.g. age, as follows: (0.1, 0.1) 
on the first cluster and (−0.2, −0.05) on the second cluster. In this case, whether we do not consider 
the covariate effect during the clustering process, we cluster some “red” items together with the “black” 
items and vice versa. We expect to obtain the clustering structure illustrated in panel (b) by considering 
the covariate effect.

(a) (b)
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independence and, therefore, a specific covariance matrix structure.4,27 Moreover, 
they model the covariate effect on each item’s probability belonging to each cluster 
but not on the cluster’s centroid, where we expect the covariate effect. Therefore, we 
cannot obtain the clustering structure filtered out by the impact of the covariates.

Usually, methods to obtain the clustering structure without covariates’ effects 
consider the covariates as additional dimensions of the items. Alternatively, they 
remove the covariates’ effects before clustering by conducting a linear regression. 
In both cases, the methods assume that the covariates affect the clusters equally, 
which may not be valid. For example, age and gender are associated with cancer 
in different manners.

In this context, we developed a framework, namely CEM-Co, which is composed 
of the following:

(1)	 A model-based clustering algorithm that considers the covariates (on the cen-
troids and/or covariances),

(2)	 A statistical test to identify which covariates are associated with the clustering 
structure, and

(3)	 A Bayesian information criterion (BIC) to estimate the number of clusters.

Finally, we applied CEM-Co in non-small cell lung cancer (NSCLC) stage I gene 
expression data.

2. Methods

Let N, K, and P be the number of items, clusters, and covariates, respectively. Also, 
let xi be the ith M-dimensional item (i = 1,…,N), and zi = (z1,i, z2,i,…,zP,i) be the 
covariates associated with xi. Then, our goal is to cluster the N items (x1, x2,…,xN). 
into K clusters by considering the P covariates (z1, z2,…,zp).

2.1. CEM-Co

Like the classification expectation–maximization (EM) algorithm,6,7 CEM-Co rep-
resents each cluster by a normal distribution. Therefore, a mixture of normal dis-
tributions can model the entire dataset.

Let μj
∗ (j = 1,…,K) be the clusters’ centroids (means of the normal distributions) 

without the covariates’ effects, bj,i be the M-dimensional coefficient representing the 
strength of the lth covariate effect (l = 1,…,P) on the jth cluster centroid. Then, we 
model the “observed” clusters centroids as follows:

	 μ μ b b bi j j j j j P P, , , , , , , .| i
*

t i iz z z z= + + + +1 1 2 2 � � (1)

Let Li,j be a diagonal M × M matrix whose rth diagonal (r = 1,…,M) is σr,j + γ1,r,jz1,i + 
γ2,r,jz2,i +…+ γP,r,jzP,i, and Ej be an M × M positive-definite matrix. Then, we model the 
covariance matrix of the multivariate normal distribution (cluster) as follows:
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	 Σi,j = Li,j Ej Li,j.� (2)

The Σi,j matrix is a Cholesky decomposition11 to guarantee a positive-definite 
matrix and accommodate the covariate effect in the covariance structure. Suppose 
there is no covariate effect on the Σi,j covariate matrix. Then, σr,j = 1 and γl,r,j = 0 for 
all l = 1,…,P, r = 1,…,M , and j = 1,…,K. In other words, Li,j is an identity matrix. 
Consequently, the covariance matrix is defined only by Ej.

Let

	 φ μ
μ μ

π
x

x x
i i j i j

i j i j i i j

i

, ,
( ) ( )

, ,

, , ,

,

Σ
Σ

Σ
( ) =

− − −( )−exp

det(

1
2 1

1

2

�

jj )
, � (3)

be the density of a multivariate normal distribution, and αj be the weight associ-
ated with the jth cluster ∑ −

=( )j

K
j1

1α . Then, we can write the likelihood function 
as follows:

	 L N
i

N

j

K

j i j i jθ α φ μ� x x x1
1 1

, , , , ,, ,…( ) = ( )
= =

∏∑ i Σ � (4)

where θ = (α, μ∗, β, L, E). Based on Eqs. (1)–(4), we can simultaneously estimate 
the parameters (μj

∗, Ej, σr,j, γl,r,j, βj,l, αj). Also, we can carry out the clustering by 
using a variant of the EM algorithm. In other words, we make hard assignments to 
the latent variables. We describe the CEM-Co in Algorithm 1.

Similar to the classification EM algorithm, CEM-Co depends on the initializa-
tion of the parameters in step 2 of Algorithm 1 (αj, μj

∗, βj,l, Li,j, Ej, for i = 1,…,N,  
j = 1,…,K, and l = 1,…,P). Different initializations may lead to different likelihood 
values (the EM algorithm usually obtains a local optimum).

Thus, we constructed a linear regression model for each feature in the cluster 
(x). The feature represents the response variable, and the covariates (z) represent 
the explanatory variables. Then, we run the clustering algorithm using the residu-
als of all regressions as our new cluster space. We describe the initialization of the 
parameters in Algorithm 2.

We obtain different initialization values by varying the parameter f of 
Algorithm 2. If we set f = 0, we obtain the standard EM algorithm. In all sim-
ulations, we used 20 different initializations by varying f from 0 to 2 (f = 0, 0.1, 
0.2,…,1.9, 2). Note that, the same covariate can affect the mean and the covari-
ance structure. Also, we assume that covariates always enter all components when 
they are in the model.

Algorithm 1. Classification EM with covariates effects on both the clusters cen-
troids and covariance matrices.
Input: the items xi (i = 1,...,N), the number of clusters K, and the covariates zl,i 
(l = 1,...,P).
Output: the K clusters.
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1 �Let μi,j (Eq. (1)), Σi,j (Eq. (2)), αj, and φ(xI, μi,j, Σi,j) (Eq. (3)) be the centroid, the 
covariance matrix, the weight associated with the jth normal distribution (j = 
1,...,K), and the density of the multivariate normal distribution, respectively.

2 �Randomly initialize the parameters of the K normal distributions, i.e. the 
centroids (μj

∗), covariances matrices (Ej, σr,j, γl,r,j), covariates effects (βj,l), and 
weights for each normal distribution (αj) (r = 1,...,M).

3 �Expectation step. Compute the expected probability for the ith item to belong 
to the jth cluster as 

Pi j
j i i j i j

j i i j i jl

k,
, ,

, ,

( , , )

( , , )
.=

=∑
α φ μ

α φ μ

� � �

� � �
x

x

Σ

Σ
1

4 �Maximization step. Let d j j j j P P
� � � � �1 1 1 1 2 2 1 1, , , , , , ,= + + +b b bz z z  be the sum of all 

covariates effects. Then, compute the maximum likelihood estimates for
     

μ�
� �

�

�
�

�

j
i

N
i i j i

i

N
i j

j
i

N
i j i jd P

P

P
* =

−( )
=

∑
∑

∑
=

=

=

−

1 1

1

1

1

x x
E

L, ,

,

, ,

,
ii j i j i i j i j

i

N
i j

d d

P

− −( )( ) − −( )( )−

=∑

μ μ� � � �

�

�* *
, , ,

,

,
L x1

1

1

�

  
b

bμ
�

� � �

�

�

j l
i

N
l i i j i j j l l i i j

i

N
l i i

d P

P
,

, , , , ,

,

=
− − +( )∑
∑

=

=

1

1
2

z x z

z

*

,,

,
, .

j
j

i

N
i jP

N
and α�

�
= ∑ =1

   �To estimate the maximized value of the likelihood function, find the roots (or 
zeros) of the partial derivative of L� i j,  by using the Newton–Raphson method.

5 �Go to the Expectation step until convergence (difference in log-likelihoods 
between iterations less than 0.001) of the likelihood function (Eq. (4))

Algorithm 2. Initialization.
Input: the n items, the number of clusters k, the cluster space X, the covariates’ 
space Z, and a factor f.
Output: the initialization of the parameters.
1 �Let M be the dimension of X. For j = 1,...,M, carry out a linear regression Xj 

= βjZ + εj.
2 Multiply each βj by f.
3 Create a new space using the residuals (ε1,...,ϵm), using βj multiplied by f.
4 Run the EM algorithm on this residual space with k clusters.
5 Return β and the EM parameters as our initializing values.

2.2. Statistical test for the covariate effect

In some empirical data analyses, one may be interested in testing whether a covari-
ate is statistically associated with the clustering structure. For example, suppose 
we want to check whether the lth covariate (zl) does affect the clustering structure. 
In other words, consider the following statistical test:
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H0: β1,l = β2,l = ⋅⋅⋅ = βK,l = 0

versus

H1: At least one βj,l ≠ 0 (j = 1,...,K).

To this end, we propose a likelihood ratio test (LRT).30 Let L(αj, µj
*, βj,l, Li,j, 

Ej|x1,…,xN, β1,l = ⋅⋅⋅ = βK,l = 0) be the likelihood function assuming that the lth 
covariate has no effect on the jth centroid (the null model), and L(αj, µj

*, βj,l, Li,j,  
Ej|x1,…,xN) be the likelihood function for the alternative model (Eq. (4)). Then, we 
can define the statistic of the test (D) as follows:

	
D L

L

N

N

= …( )( ) −{
…( )( )}

2 1

0 1

ln |

ln |

θ

θ

�

�

x x

x x

, ,

, , ,
� (5)

where θ�0 are the coefficients obtained by the maximum likelihood estimator under 
H0 (β1,l = β2,l = ⋅⋅⋅ = βK,l = 0).

To obtain D, carry out the CEM-Co algorithm with (the alternative model) 
and without (the null model) the lth covariate and compare the two likelihood 
functions. 

The probability distribution of the test statistic D is approximately a chi-
squared distribution with degrees of freedom equal to the number of parameters 
of the alternative model minus the number of parameters of the null model. For 
example, in our specific test (H0 : β1,l = β2,l = ∙∙∙ = βK,l = 0), we have K parameters 
to be estimated for all αj, KM for all μj

∗, KMP for all βj,l   , KM   2 for all Ej, and 2KM 
for all Li,j. Thus, the total number of parameters is K(1 + M (3 + P ) + M   2). To test 
the effect of a single covariate, we have K(1 + M (2 + P ) + M   2) parameters under 
H0. Therefore, the number of degrees of freedom for this test is KM.

We may use a similar procedure to test the effect of the lth covariate (zl,i) on the 
covariance matrix, i.e.

H0: γl,1,1 = γl,1,2 = ⋅⋅⋅ = γl,1,K = γl,2,1 = ⋅⋅⋅ = γl,M,K = 0

versus

H1: At least one γl,r,j ≠ 0 (j = 1,...,K and r = 1,...,M   ).

Again, to obtain D, carry out the CEM-Co algorithm with (the alternative 
model) and without (the null model) the lth covariate and compare the two likeli-
hood functions. The number of degrees of freedom, in this case, is also KM (there 
are KM parameters γl,1,1, γl,1,2,...,γl,1,K, γl,2,1,...,γl,M,K).

One condition of using the chi-squared distribution in the LRT is that the 
likelihood function must follow the regularity conditions.17 The proof for these 
conditions is straightforward for the tests described in the previous paragraphs, 
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including the fact that, under the null hypothesis, the parameters βi,l and γl,M,K can-
not be in the border of the distribution support. Note that, under H0, this condition 
is valid because βi,l and γl,M,K are real numbers for any i, l, M, and K.

It is also possible to simultaneously test the effect of a covariate in the mean 
and the covariance structure using the LRT similarly by adjusting the degrees of 
freedom.

2.3. Estimation of the number of clusters

As described in Algorithm 1, CEM-Co requires the number of clusters (K) as input. 
However, in empirical data analysis, we rarely know the number of clusters a pri-
ori; thus, we must estimate it. We propose to use the BIC to estimate the number 
of clusters. Let LK�  be the maximized value of the likelihood function (Eq. (4)) of 
the clustering structure obtained by CEM-Co with K clusters, N be the number 
of items, and R = K(1 + (3 + P )M + M2) be the number of parameters estimated 
by the model. Then, we define the BIC for the clustering structure obtained by 
CEM-Co with K clusters as follows:

	
BIC ln lnK KN R L= − ( )( ) .2 �

� (6)

The estimated number of clusters K� is the one which minimizes the BIC statistic 
(Eq. (6)). Note that, the use of BIC is only a heuristic because the model selection 
properties of BIC for singular models are not prominent.13

2.4. CEM-Co with nonlinear effect

Sometimes the covariates are not linearly associated with the clusters’ centroids 
(e.g. quadratic or sigmoid relationships). In this case, the method presented in Sec. 
2.1 may not be suitable. To model nonlinear relationships, we extended CEM-Co 
as follows.

Let fj,l be a function representing the strength of the lth covariate effect on the 
jth cluster centroid. Then, we can write the “observed” clusters centroids as follows:

	 μ μi j j j i j i j P P if f f, , , , , , ,( ) ( ) ( ).= + + + +*
1 1 2 2z z z� � (7)

To model fj,l, we use B-spline.10 Let S be the number of knots and B be the 
polynomial degree of the B-spline. Then, we represent fj,l by a matrix Wj,l (with 
dimensions (N × (S + B))), where the ith row represents the spline basis of the lth 
covariate effect on the ith item in the jth cluster. We define the matrix Wj (N ×  
(P (S + B))) as the combination of Wj,1, Wj,2,..., Wj,P by columns. Note that, we 
model the nonlinear effect only for the centroids and not the covariance matrices.

To obtain the CEM-Co algorithm with nonlinear covariates effects, replace zl by 
the B-spline basis represented by Wj,l in Algorithm 1. To statistically test the effect 
of a single covariate, consider the number of degrees of freedom as KM (S +B) in 
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the LRT (Sec. 2.2). To estimate the number of clusters (Sec. 2.3), consider the 
number of parameters as K(1 + M (3 + P (S + B)) + M   2).

3. Simulations

To evaluate the performance of CEM-Co in clustering the items, the power of 
the LRT, and the accuracy of the BIC in estimating the number of clusters, we 
designed three scenarios.

Scenario 1. Covariates with linear effects on the clusters’ centroids.

(1)	 Set the number of clusters (K = 2), the number of dimensions (M = 5), and the 
number of covariates (P = 5).

(2)	 Set the centroids (means) of the K = 2 clusters to μ∗
1 = (0, 0, 0, 0, 0) and μ∗

2 = 
(0.2, 0.2, 0.2, 0.2, 0.2).

(3)	 Set the effects of the covariates on each cluster (β) as the same as estimated by 
CEM-Co in the actual dataset (Sec. 4).

(4)	 For each item (i = 1,...,N), simulate P = 5 covariates, two from a normal dis-
tribution with zero mean and unit variance (z1,i ∼ N (0, 1), z2,i ∼ N (0, 1)) and 
three from binomial distributions with parameters equal to 0 .4, 0.25, and 0.15 
(z3,i ∼ B(0.4), z4,i ∼ B(0.25), z5,i ∼ B(0.15)).

(5)	 Simulate N/2 items for each cluster from a multivariate normal distribution 
with means equal to μi,j = μ∗

j + + + + +b b b b b1 1 2 2 3 3 4 4 5 5, , , , , , , , , ,j i j i j i j i j iz z z z z  (for 
i = 1,...,N/2 and j = 1, 2) and a covariance matrix equals to a (5 × 5) identity 
matrix multiplied by 0.03 for each cluster.

Scenario 2. Covariates with linear effects on the covariance matrices.

(1)	 Set the number of clusters (K = 4), the number of dimensions (M = 2), and the 
number of covariates (P = 1).

(2)	 Set the centroids (means) of the K = 4 clusters to μ∗
1 = (0, 0), μ∗

2 = (0, 1), μ∗
3 = 

(1, 0), and μ∗
4 = (1, 1).

(3)	 Set the effects of the covariate on each cluster to β1 = (0.3, 0.3), β2 = (–0.3, 
–0.3), β3 = (0.3, –0.3), and β4 = (–0.3, 0.3).

(4)	 Simulate one covariate for each item (i = 1,...,N) from a normal distribution 
with unit mean and unit variance (z1,i ∼ N(1, 1)).

(5)	 Let Ej be a (2 × 2) matrix with 0.1 at the diagonal, σr,j = 1 (for r = 1, 2 and 
j = 1, 2, 3, 4), γ1,r,j = wj (for r = 1, 2, w1 = 1, w2 = 1, w3 = 1, and w4 = 10), and 
Li,j be a (2 × 2) matrix as defined in Sec. 2.1. Then, simulate N/K items from 
a multivariate normal distribution with mean and covariance matrix equal to  
μi,j = μj

∗ + βjz1,i and Σi,j = Li,jEjLi,j, respectively, for each cluster j = 1,...,K.

Scenario 3. Covariates with nonlinear effects on the clustering structures. To simulate 
nonlinear covariate effects on the clusters’ centroids, replace step (5) of scenario 1 by
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•	 Let fj i j i j i, , , ,1 1 1 1
2z z z( ) = +b b  be a quadratic function representing the strength of 

the covariate effect on the jth cluster centroid. Then, simulate N/K items from 
a multivariate normal distribution with mean equals to μi,j = μj

∗ + fj,1(z1,i), and a 
covariance matrix as a (2 × 2) identity matrix multiplied by 0.1, for each cluster 
j = 1,...,K.

•	 For scenario 1, the number of items varied in N = 120, 240, and 360. Note that, 
we designed this scenario to be similar to the actual data described in Sec. 4. 
For scenarios 2 and 3, the number of items varied in N = 200, 300, 400, and 
800. For scenario 3, we modeled fj,1 with a cubic B-spline with four degrees of 
freedom. We carried out 300 repetitions for each scenario and each number of 
items (N).

We also designed a fourth scenario to explore the effects of applying a dimen-
sionality reduction technique such as principal component analysis (PCA).

Scenario 4. Dimensionality reduction effect analysis.

(1)	 Set the number of clusters (K = 4), the number of dimensions (M = 45), the 
number of covariates (P = 1), and the number of item (N = 400).

(2)	 Set the centroids (means) of the K = 4 clusters to μ∗
1 = (1,...,1), μ∗

2 = (0.3,...,0.3), 
μ∗

3 = (1,...,1), and μ4
∗ = (0.3,...,0.3) (each vector has size M).

(3)	 Set the effects of the covariate on each cluster to β1 = (0.3,...,0.3), β2 = (0.3, 0.3), 
β3 = (0.15,...,0.15), and β4 = (0.15, 0.15) (each vector has size M).

(4)	 Simulate one covariate for each item (i = 1,...,N) from a normal distribution 
with zero mean and unit variance (z1,i ∼ N (0, 1)).

(5)	 Simulate N/K items for each cluster from a multivariate normal distribution 
with means equal to μi,j = μj

∗ + β1,jz1,i (for i = 1,...,N/K and j = 1, 2, 3, 4) and 
a covariance matrix (45 × 45) equals to the covariance matrix estimated in the 
stage I NSCLC dataset described in Sec. 4.

Then, we reduced the dimensionality to M   ′ using PCA. We varied the number 
of principal components (PCs) in M   ′ = 1, 2,...,5.

4. Stage I Lung Adenocarcinoma

4.1. Stage I NSCLC dataset

We collected a set of clinically annotated gene expression data composed of 45 
genes (ADAM10, ADAM19, ADAM8, ALOX15B, ATF2, CENPF, CXCL1, ETS2, 
FOSL1, GAD1, GAPDH, GNG4, GNG11, GRB10, HMGA2, HOPX, HSPA8, ID1, 
IGFBP3, IGFBP6, IL1A, IL1RN, ITGB8, ITPR1, MMP12, MTHFD2, MVK, 
NDRG1, PAK2, PHLDA2, PIK3CD, RAC2, S100A2, SEPW1, SERPINB5, SMOX, 
SPDEF, SPRY4, THRA, TMSB10, UBE2C, UST, VCP, VEGFA and YWHAQ) 
and 129 stage I NSCLC patients by real-time RT-PCR with Custom TaqMan Low 
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Table 1.  Clinicopathological characteristics of 
patients and their tumors. The data are num-
bers (%) unless otherwise stated. SD: standard 
deviation.

Variable Status n

Mean (SD) 66.26 (10.04)

Age at diagnosis 
(years)

≤65
>65

60 (46.51)
69 (53.49)

Gender Male 
Female

59 (45.74)
74 (54.26)

Therapy Yes
No

Unknown

18 (13.95)
110 (85.27)

1 (0.77)
Differentiation 1

2
3

40 (31.00)
51 (39.53)
38 (29.46)

Dead Yes 48 (37.21)

Density Arrays (384-well micro fluidic cards) (Applied Biosystems). We carried out 
all procedures according to the manufacturer’s protocol. We normalized the gene 
expression levels relative to the internal housekeeping control 18S gene using the 
method described in Ref. 25.

Table 1 summarizes clinical and pathological characteristics. The Institutional 
Review Board of the University of Michigan approved this study.

4.2. Gene expression pre-processing

We re-scaled gene expression data for zero mean and unit variance. Scaling the 
gene expression data for unit variance is crucial. Otherwise, a gene expression with 
high variance will have a higher weight than a variable with low variance. Then, 
we applied a PCA for dimension reduction and selected (by the elbow method) 
five PCs associated with the five largest eigenvalues. Altogether they represent 
51.87% of the variance. These five PCs represent new dimensions of stage I NSCLC 
patients. Thus, we have N = 129 individuals, M = 5 dimensions, and P = 4 covari-
ates (age at diagnosis, gender, therapy, and differentiation).

5. Results and Discussions

5.1. Simulations

To evaluate the performance of CEM-Co, we compared it against three other usual 
approaches, namely 
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(1)	 CEM: applying the standard classification EM algorithm on the original data-
set, i.e. without taking into account the covariates;

(2)	 CEM-dimension: applying the standard CEM algorithm but considering the 
covariates as additional dimensions of the items; and

(3)	 CEM-partial: applying the standard CEM algorithm on the residues of the lin-
ear regression model, where the response variable is the item, and the explan-
atory variables are the covariates.

The three-step approach outputs the same clustering structure of CEM (the 
three-step method clusters the data using CEM and then identifies the association 
between the items and covariates). Therefore, we did not compare CEM-Co with 
the three-step approach.

First, we analyzed the case the covariates are linearly associated with the cen-
troids. We calculated each repetition’s adjusted rand index to evaluate how well 
the algorithms cluster the items. We carried out all four algorithms on the same 
set of items. Then, we calculated the differences between the adjusted rand indi-
ces obtained by CEM-Co minus the one obtained by each of the three alternative 
methods (Fig. 2(a)). The greater this difference, the better CEM-Co is than the 
alternative approach. Figure 2(a) shows that the performance of CEM-Co is better 
than all the alternative approaches. Figure 2(b) shows the frequency with the BIC 
selected for each number of clusters. As expected, the BIC accurately estimated 
the number of clusters (K = 2) for all examined sample sizes. Figure 2(c) shows 
the receiver operating characteristic (ROC) curves obtained by testing the covari-
ate effect. To verify the type I error control, we simulated a dataset described in 
Sec. 3 — scenario 1 but considering no covariate effect (under the null hypothesis). 
When β = 0 (no covariate effect), the ROC curve (solid line) should be at the diag-
onal. Indeed, for N = 360, the LRT effectively controlled the type I error (the solid 
line is at the diagonal). However, for N = 120, 240, the ROC curves (solid lines) 
are above the diagonal, i.e. it rejected the null hypothesis more than expected by 
the p-value threshold. Then, instead of using the LRT, we propose a parametric 
bootstrap procedure for small N. For N = 120 and p-value thresholds at 0.01, 0.05, 
and 0.10, the empirical false-positive rates for the bootstrap-based test (with 1000 
bootstrap samples) were 0.01, 0.07, and 0.16, respectively. In contrast, the LRT 
was 0.06, 0.17, and 0.27. Thus, for small N, the bootstrap procedure better controls 
the type I error than the LRT. Under the alternative hypothesis, the proportion of 
rejected null hypothesis (power of the test) by the LRT increases as the number of 
items (N) and/or the covariate effect increases (dashed lines).

We also analyzed the case the covariate affects the covariance. Figure 3(a) shows 
that the performance of CEM-Co is better than all the alternative approaches. 
Figure 3(b) indicates that the BIC accurately estimated the correct number of 
clusters (K = 4) as the sample size increased. Figure 3(c) shows that, under the 
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(a)

(b)

(c)

Fig. 2.  Linear covariate effect on the centroids. (a) Differences between the adjusted rand indices 
obtained by CEM-Co and the alternative methods (CEM, CEM-dimension, CEM-partial, and one-
step). The greater this difference, the better CEM-Co performs than the alternative method. Error bars 
represent the 90% confidence intervals. (b) Estimation of the number of clusters. The bars represent 
the frequency BIC selected for the indicated number of clusters. For all evaluated numbers of items 
(N), BIC correctly selected the number of clusters as two. (c) ROC curves. The area below the curve 
represents the power of the statistical test. The solid line represents the covariate effect under the null 
hypothesis (β = 0). Dashed lines represent the test under the alternative hypothesis (β > 0). The LRT 
power increases following the number of items (N) and covariate effect strength. For a small number of 
items (N = 120, 240), the LRT did not control the type I error (the solid line is above the diagonal).
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Fig. 3.  Linear covariate effect on the covariances. (a) Differences between the adjusted rand indices 
obtained by CEM-Co and the alternative methods (CEM, CEM-dimension, CEM-partial, and one-step). 
The greater this difference, the better CEM-Co performs than the alternative methods. Error bars 
represent the 90% confidence intervals. (b) Estimation of the number of clusters. The bars represent 
the frequency BIC selected for the indicated number of clusters. As the number of items increases (N), 
BIC converges to the correct number of clusters (K = 4). (c) ROC-like curves. The area below the curve 
represents the power of the statistical test. The solid line represents the covariate effect under the null 
hypothesis (β = 0). Dashed lines represent the test under the alternative hypothesis (β > 0). The power 
of the LRT increases proportionally to the number of items (N) and covariate effect strength.

(a) (b)

(c)
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Fig. 4.  Nonlinear covariate effect on the centroids. (a) Differences between the adjusted rand indices 
obtained by CEM-Co and the alternative methods (CEM, CEM-dimension, and CEM-partial). The 
greater this difference, the better CEM-Co performs than the alternative methods. Error bars represent 
the 90% confidence intervals. (b) Estimation of the number of clusters. The bars represent the frequency 
BIC selected for the indicated number of clusters. For all evaluated numbers of items (N), BIC correctly 
selected the number of clusters as four. (c) ROC-like curves. The area below the curve represents the 
power of the statistical test. The solid line represents the covariate effect under the null hypothesis  
(β = 0). Dashed lines represent the test under the alternative hypothesis (β > 0). The power of the LRT 
increases proportionally to the number of items (N) or covariate effect strength.

(a) (b)

(c)
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null hypothesis, the LRT effectively controlled the type I error (the solid line is 
at the diagonal). Under the alternative hypothesis, the proportion of rejected null 
hypothesis (power of the test) by the LRT increases as the number of items (N) 
and/or the covariate effect increases (dashed lines).

Besides, we analyzed the case covariates that are not linearly associated with  
the items. Figure 4(a) shows that the performance of CEM-Co is better than all the 
alternative approaches. Figure 4(b) indicates that the BIC accurately estimated the 
correct number of clusters (K = 4) for all evaluated sample sizes. Figure 4(c) shows 
that, under the null hypothesis, the LRT effectively controlled the type I error (the 
solid line is at the diagonal) as the sample size increased. Under the alternative 
hypothesis, the proportion of rejected null hypothesis (power of the test) by the 
LRT increases as the number of items (N ) and/or the covariate effect increases 
(dashed lines).

Finally, we explored the effects of applying a dimensionality reduction technique, 
such as PCA. Figure 5 shows several PCs that optimize the adjusted rand index. 
This behavior is under what was described by Ref. 12. Ding and He12 proved that 
the first K − 1 PCs span the cluster centroid subspace. In our example, the number 
of clusters is K = 4. Therefore, the optimal quantity of PCs is three.

5.2. MNIST dataset

To assess the performance of the CEM-Co algorithm, we applied our proposal 
to the well-known MNIST dataset. The MNIST dataset comprises approximately 
70,000 hand-written digit images ranging from 0 to 9. Since this dataset does not 
present covariates, such as the gender or age of the digit writers, the application 
of CEM-Co resumes to the traditional CEM. In other words, CEM is a particular 
case of CEM-Co.

Due to computational constraints, we randomly sampled 10,000 digits from 
approximately 70,000 images. By comparing the clustering results with the known 
labels, we obtained an adjusted rand index of 0.38. This result is better than the 
performance of similar clustering algorithms, such as fuzzy c-means, on this dataset.16

5.3. Stage I lung adenocarcinoma

Finally, we applied CEM-Co and the other three alternative methods on stage 
I  NSCLC gene expression data. Lung cancer is the most common malignancy 
world-wide, with an estimated 228,820 new cases and 135,720 deaths in 2020 only 
in the United States (American Cancer Society). There are two main types of lung 
cancer: NSCLC and small cell lung cancer (SCLC). They are approximately 84% 
and 13% of lung cancers, respectively (American Cancer Society).

Among the stage I NSCLC patients, it is estimated that 30–40% relapse and 
10–30% die due to recurrence.32 This data suggests at least one subgroup that could 
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Fig. 5.  Adjusted rand index by the number of PCs used at the simulations of scenario 4. The greater 
the adjusted rand index, the better the approach separating the actual clusters. Error bars represent 
the 90% confidence intervals. Note that, the actual number of clusters is K = 4. Therefore, the optimum 
number of PCs should be three.
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benefit from additional therapy, whether appropriately identified. Thus, further 
stratification and consequent identification of these individuals become necessary. 
We hypothesize that one of the reasons current attempts to stratify stage I NSCLC 
fail is covariate effects. For example, we know that the age at diagnosis (and many 
others) is associated with this disease.

We only analyzed the case that the effect of covariates may be linearly associated 
with the centroids. We did not investigate covariates’ impact on the covariances 
nor the nonlinear case because the number of parameters becomes higher than the 
number of items/individuals. We considered all the available covariates: the age at 
diagnosis, gender, adjuvant therapy, and differentiation.

We used the BIC described in Sec. 2.3 to estimate the number of clusters. The 
estimated amount of groups was two for all clustering algorithms (Fig. 6).

We verified whether the obtained two clusters presented different phenotypes 
after clustering the individuals using CEM-Co, CEM, CEM-dimension, and CEM-
partial. One clinically relevant outcome of cancer is survival time. Then, we ana-
lyzed the association of these two clusters with the survival outcome using a 
Kaplan–Meier (KM) non-parametric curve (Fig. 7). Also, we used a multivariate 
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Fig. 6.  Estimating the number of clusters in stage I NSCLC gene expression data using the BIC for 
CEM-Co. The BIC statistic reaches its minimum value for K� = 2. Therefore, the estimated number of 
clusters in this dataset is K� = 2.

Fig. 7.  KM survival curves were constructed based on the clusters obtained by applying CEM-Co, 
CEM, CEM-dimension, and CEM-partial, on the stage I NSCLC gene expression dataset. The p-values 
were obtained by the log-rank test.
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Cox proportional hazards model with age at diagnosis, gender, adjuvant therapy, 
and differentiation as covariates (Table 2).

By setting a p-value threshold at 5% in the KM analyses, only the CEM algo-
rithm did not stratify the stage I NSCLC dataset into two clusters with different 
survival outcomes (Fig. 7). However, notice that, the KM analysis does not remove 
the effects of the covariates. Thus, we also analyzed using the Cox regression model, 
which considers the covariates. In this case, only CEM-Co identified a subgroup of 
stage I NSCLC with a statistically poorer survival outcome (p < 0.001) (Table 2).

We also analyzed the same dataset using the UMAP dimensionality reduction 
method21 and the HDBSCAN clustering algorithm.5 UMAP reduced the dimen-
sionality to three. Then, we clustered the individuals using the HDBSCAN method 

Table 2.  Multivariate survival analyses were performed using the Cox 
regression model.

Method Variables Hazard ratio (95%CI) p-value

Cluster (red/black) 0.117 (0.041–0.334) <0.001

Age at diagnosis 1.084 (1.048–1.121) <0.001

CEM-Co Gender (male/female) 1.231 (0.668–2.268) 0.5045
Therapy (yes/no) 2.545 (1.223–5.296) 0.013

Differentiation (2/1) 1.348 (0.605–3.003) 0.466

Differentiation (3/1) 2.015 (0.853–4.762) 0.1101

Cluster (red/black) 0.436 (0.181–1.052) 0.0646

Age at diagnosis 1.082 (1.045–1.120) <0.001

CEM Gender (male/female) 1.220 (0.667–2.232) 0.519
Therapy (yes/no) 2.151 (1.049–4.410) 0.037

Differentiation (2/1) 2.064 (0.701–3.438) 0.278

Differentiation (3/1) 2.064 (0.861–4.949) 0.104

Cluster (red/black) 0.599 (0.251–1.429) 0.248

Age at diagnosis 1.077 (1.041–1.115) <0.001

CEM-dimension Gender (male/female) 0.201 (0.671–2.228) 0.511
Therapy (yes/no) 1.378 (0.491–3.871) 0.543

Differentiation (2/1) 1.645 (0.722–3.750) 0.236

Differentiation (3/1) 2.545 (1.108–5.846) 0.028

Cluster (red/black) 0.574 (0.290–1.137) 0.111

Age at diagnosis 1.076 (1.040–1.114) <0.001

CEM-partial Gender (male/female) 0.796 (0.691–2.284) 0.459
Therapy (yes/no) 2.013 (0.975–4.156) 0.058

Differentiation (2/1) 1.651 (0.737–3.696) 0.223

Differentiation (3/1) 2.538 (1.102–5.841) 0.029

Notes: CI: confidence interval. p-values < 0.05 are in bold.
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with hyperparameter optimization. We set the minimum cluster size to six, i.e. the 
smallest cluster size obtained using CEM-Co. As a result, we got five clusters. How-
ever, by analyzing these five clusters using the Cox regression model, we could not 
identify any cluster associated with survival (all p-values were greater than 0.2). 
We also varied the number of dimensions obtained by UMAP to two and four. We 
varied the smallest cluster size to ten and twenty. We got the same results. Thus, 
our results obtained using UMAP and HDBSCAN are robust to the selected num-
ber of dimensions and smallest cluster size parameter.

The reason why only CEM-Co was able to identify the poorer subgroup can be 
explained by how the covariates affect the clustering structure. First, except by 
therapy (p = 0.219), all other covariates significantly affect the clusters’ centroids: 
age at diagnosis (p = 0.002), gender (p = 0.001), and differentiation (p = 0.007). 
This result confirms our hypothesis that covariates affect stage I NSCLC stratifi-
cation. Second, the covariates affect the clusters’ centroids and items’ dimensions 
differently (Fig. 8). However, both CEM-dimension and CEM-partial assume that 
covariates affect the cluster centroids equally.

To verify the robustness of our results, we repeated all analyses by considering 
the number of clusters as K = 3 (the second-best choice by BIC (Fig. 6)). In this 
case, the largest group (red curve in Fig. 7) was divided into two clusters (by all 
clustering methods). The Cox regression model for the clustering structure obtained 
by CEM-Co indicated that the smallest group presented a poorer survival outcome 
than the other two clusters. The two largest clusters did not show different statisti-
cal survival outcomes between them. The three clusters did not present statistically 
different survival outcomes for the groups obtained by CEM, CEM-dimension, and 
CEM-partial. Therefore, the conclusions derived for K = 3 were the same at K = 2.

Instead of selecting M = 5 PCs, we reanalyzed data considering one, four, and 
six PCs. The conclusions are the same for one (M = 1, representing 23.49% of the 
variance) and four PCs (M = 4, representing 46.41% of the variance) at M = 5. 
Whether we consider six PCs (M = 6, representing 55.8% of the variance), CEM-Co 
clustered the dataset into three groups. In other words, CEM-Co split the largest 
group into two groups. The smallest cluster presented a poorer survival outcome 
than the other two groups. We did not observe any statistical difference between 
the two largest clusters. Therefore, the results seem robust even for different num-
bers of PCs.

Here, we illustrated the importance of CEM-Co in stratifying a stage I NSCLC 
dataset by minimizing the effects of age at diagnosis, gender, adjuvant therapy, and 
differentiation. However, we imagine that the flexibility of CEM-Co would make it 
applicable to other areas where clustering is a source of concern. For example, in 
large neuroimaging projects, it is known that the site where the data is collected 
strongly affects the results.

The EM algorithm has interesting theoretical properties: monotonicity and con-
vergence to a stationary value. The proofs for our proposal are similar to the one 
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Fig. 8.  Covariates effects estimated by CEM-Co on stage I NSCLC. The x- and y-axes represent the 
M = 5 dimensions of the items (PCs) and the coefficients (β) for each covariate effect. Red and black 
dots represent the patients with good and poor prognoses, respectively. Error bars represent the 95% 
confidence intervals (some cannot be seen because they are too small). Except by therapy (p = 0.219), 
all other covariates are significantly associated with the clusters’ centroids (age at diagnosis – p = 0.002, 
gender – p = 0.001, and differentiation – p = 0.007). Note that, the coefficients (covariates effects) differ 
between clusters (between red and black dots) and the five dimensions. The small cluster size can prob-
ably explain the coefficients close to zero for the cluster with a worse prognosis (black dots).

presented in Ref. 22. One just needs to condition on the observed value of zi = (z1,i, 
z2,i,...,zP,i).

One disadvantage of CEM-Co in the present form is that it only can be applied 
to data that a mixture of normal distributions can model. For example, we can-
not apply CEM-Co to datasets represented by discrete variables. However, we 
can obtain a similar method for discrete data using an appropriate probability 
distribution.
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Appendix A

Like the usual CEM algorithm, the CEM-Co algorithm has some interesting prop-
erties. Among these properties, we highlight the monotonicity and convergence to 
a stationary value of the algorithm.

Theorem A.1. The CEM-Co optimization algorithm is monotonic between 
iterations.

Proof. Monotonicity means that L Lk k( ) ( )Θ Θ+ ≥1 , for k = 0,1,2,…, then after each 
new iteration of the steps expectation and maximization, the estimated likelihood is 
higher. Let gc Ny z z| 1, , ;…( ) )θ  be the probability density distribution of the random 
vector y representing the complete data given the covariates effects (z). Instead of look-
ing at the complete data y, we observe incomplete data x, where x = x(y). The complete 
data (y) represent the situation in which we know the real cluster of each observation. 
The complete log-likelihood function can be written as follows:

	
log |

log |

L

g
c N N

c N N

θ

θ

x x z z

y x x z z
1 1

1 1

, , , , ,

, , , , ; .

… …( ) =

… …( ) ) � (A.1)

In general, we can describe the steps of expectation and maximization as follows: 
E-step: Calculate

	 Q E Lk
c Nkθ θ θ

θ
; , , ,( ) = …( )( )log | |x x z1 � (A.2)

M-step: Choose θk+1 that maximizes Q(θ;θk) for all θk+1∈ΩΩ.
Furthermore, these two steps are alternated until the algorithm converges.
We will show that the likelihood function of incomplete data L(θ) increases 

monotonically, i.e.

	 L Lk
N

k
Nθ θ+ …( ) ≥ …( )1

1 1| |x x x x, , , , , � (A.3)

for k = 1,2, …..
Let

	 h
g
gN
c N

N

y x z z
y z z
x z z

|
|
|

, , , ;
, , ;
, , ;

,1
1

1

…( ) =
…( )
…( )

θ
θ
θ � (A.4)
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be the conditioned density of Y given X, where Y represents the complete data 
and X represents the incomplete data. Then, we can rewrite the likelihood function 
(Eq. (A.1)) as follows:

	

L g
g

N N N

c N

θ θ
θ

| log |
log |

x x z z x z z
y z z

1 1 1

1

, , , , , , , ;
, , ;

… …( ) = …( ) =
…( ) − llog |

log | log |
h

L h
N

c N N

y x z z
x x z z y x z

, , , ;
, , , , , , ,

1

1 1 1

…( ) =
… …( ) − …

θ
θ ,, ; .zN θ( ) � (A.5)

Calculating the expected value of both sides of Eq. (A.5) conditional to the dis-
tribution of Y given Z, we obtain

	

L

E L E h
N N

k c N k

θ

θθ θ

|

{ | )| {log |

x x z z

x x z Y x
1 1

1

, , , , ,

, ,( ) ( )

… …( ) =

…( ) } − ,, , , ;

; ; .( ) ( )

z z z

Q H

1 …( ) } =

( ) − ( )
N

k k

θ

θ θ θ θ

)|

� (A.6)

Using Eq. (A.6), we obtain

	

log |

log |

L

L

k
N N

k
N N

θ

θ

θ

( )

( )

, , , , ,

, , , , ,

+ … …( ) −

… …( ) =

1
1 1

1 1

x x z z

x x z z

Q (( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

; ;

; ;

k k k k

k k k k

+

+

( ) − ( ){ } −

( ) − ( ){ }
1

1

θ θ θ

θ θ θ θ

Q

H H .. � (A.7)

Note that, Q Qθ θ θ θ( ) ( ) ( ) ( ); ;k k k k+( ) − ( ) ≥1 0 because it is the maximization of the 
complete likelihood function itself. Then, it remains to prove that

	 H Hθ θ θ θ( ) ( ) ( ) ( ); ;k k k k+( ) − ( ) ≤1 0 � (A.8)

We have that for any q

	

H H

y x z z
y x z

θ θ θ θ
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
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
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

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
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
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θ
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,

z yN dθ( )
= 0 � (A.9)

The inequality is a consequence of both Jensen’s inequality and the concavity of 
the logarithmic function.
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Theorem A.2. The CEM-Co optimization algorithm converges to a stationary 
sequence.

Proof. Let us prove that the CEM-Co algorithm converges to a stationary sequence. 
In other words, that L(Θk) converges monotonically to some value L* = L(Θk), where 
L* is a stationary value in almost all applications, and that Θ* is the value that

∂
∂

=
L( ) .Θ

Θ
0

Note that, we can write the likelihood function as Eq. (A.6). Differentiating both 
sides of this equation, we obtain

	

∂ … …( )
∂

∂ ( )
∂

−
∂ ( )

∂

log |L N N

k k

θ
θ

θ θ
θ

θ θ
θ

x x z z

Q H

1 1, , , , ,

; ;
. � (A.10)

In the proof of Theorem A.1, we showed that H(θ; θk) ≥ H(θk; θk) for all θ.
Thus

	 ∂ ( )
∂













=
−

H θ θ
θ

θ θ

;
.

k

k

0 � (A.11)

We can write Eq. (A.11) for some arbitrary θ0 as follows:

	

∂ = … …( )
∂

=

∂ ( )
∂











−

log |L N Nθ θ
θ

θ θ
θ

θ θ

0 1 1

0

0

x x z z

Q

, , , , ,

;
. � (A.12)

Suppose that θ0 is a stationary point of the likelihood function, then

	

∂ = … …( )
∂

=

∂ ( )
∂









 =

−

log |L N Nθ θ
θ

θ θ
θ

θ θ

0 1 1

0

0

0

x x z z

Q

, , , , ,

;
. � (A.13)

Using Wu’s proposition,31 we obtain

	 sup
θ

θ θ θ θ
∈

( ) ≥ ( )
Ω
Q Q; ; ,0 0 0 � (A.14)

to any stationary point θ0, that is not a local maximum. The conditions of reg-
ularity22 ensure that all limit points of any CEM-Co algorithm solution are local 
maximums and that L(θk) converges monotonically to some local maximums.
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